KE®. 1. ZYNHOEIZ ATA®OPIKEX EEIXQXEIX

1.1. Ewayoy.

e 011 akoAovBel pe tov 0po “ocuvaptnon” Oa evvoolE Ho “TPAYUOTIKE) GUVAPTIOT TPOYLOTIKNG
HETAPANTAG”, OPIGUEVN OE £vaL SIAGTNLLO TPOYHOTIK®V 0plopdV.

e moALd TpoPAnuata tov [epapatikov kot Epappospuévov Emotudv odrd kot oe mpofAnpota
KoBapdv Mabnuatikdv, ota onoio dyvemotn eivar pia cuvdptmon y = y(x) , katoAyovpe and to
dedopéva og pua eicmon oty omoia epgovifoviot Tapdymyot TG AyvmoTng GLVAPTNONG.

1.1.1.Hapaderypa. Aoyeio, to omoio mepiéyet vypod Beppokpaciog 100° C, tonobeteiton o dmpdtio
ue otobepn Bepuokpacio 20° C . H taydmmro yoéng eivar omoladnmote otiyun ovaioyn g
dpopag twv Beppokpacidv vypov Kot dwpotiov ( Nopog tov Nevtova). Av n Beppokpacio
TOL VYPOV peTd amd 5 min. givar 60°C oo Ba givar petd amd 10 min ;

[Ma va amaviicovpe 6to epOTNUHO 0VTO, TOPATPOVUE OTL M| Beprokpacio 6 Tov VYpoL glval , petd

NV T0m00£TNGN TOV 6TO dWUATIO, cVvhptnon 8 = B(t) Tov xpovov t . H tayvta petafoing mg

Bepurokpaciog divetor amd v Tapdywyo % Kot dpo M ToydTNTA YOENG dlvetan amd TV mocdTNTA
ao ; . , , . , , , ,

—— Enmeidn n toydmto wHéng etvan kaBe ypovikn otryun avaioyn g oopopds Tmv Beppokpa-

oV , &govpe Vv e&icmon

— 2 = a0 - 20), (1)

omov a € R givan otabepr|. And v e€icwon (1) , oty omoia epavileton 1 dyvwotn cuvapTnon

6 = 6(t) koun mopdymydc g % elpaote vroypewpévol va Bpodue ™ cvvaptnon 8 = 6(t) .

1.12. Mopaderypa. Zopo pe palo M gr. eivar cuvoedepévo pe To dkpo evog KaTakOpuPov AT piov
Kot 70 OA0 cvotnua mepPdrietar and PEco Tov omoiov N avtictaon gival avdAoyn g TaxOTNTAG
TOV CAONOTOS . ATOUOKPOVOLUE KOTAKOPQO TO s amd T 0éon wwoppomiog tov (Zy. 1) ko to
apnvovpe ehevbepo. Na meptypagei 1 kKivnomn Tov GLGTHLOTOC .

Xx. 1.

AmoO ™ oTIYU] TOL TO GOMO aPTvETAL EAEVOEPO , TO ehatnplo TElVEL VO TO emavapEpel otn Bom
160ppoTiag Kot To OA0 cvoTNua apyilel va tadavievetal . H kivinon tov cuotiuatog meptypdeetot
TAPp®G omd T cuvdptnon x = x(t) , 6mov t etvar o ypdvog . Ot duvdpelg mov kabopilovv v Kivnon



TOV GLOTHHATOG Eivail dVO ( TO BAPOG TOV CMOUATOS EEO0VOETEPMOVETAL , KAOE YpOVIKNY oTIyUn , 0O TO
elaTplo ):

Q) H dvvaun tov ghatnpiov , n omoia teivel va emavapépel 1o ompa ot BEom 1coppomiag .
H dvvaun avt €xet adyePpikn tun avtifetn e amopdkpouvong x Kot HETPO ovOAOYO
NG OMOUAKPVVOTG , ONA. ivar 1 dOvaun

Fi=—pBx,0moofER,>0.
(ii) H 6Ovaun avtiotaong tov pésov , 1 omoia Exetl alyePpikn T avtifetn ™ taybvnTog
% TOV GOUATOG KOl LETPO AVAAOYO TOV UETPOL TNG TOYLTNTOGS , ONA. Elvar 1) dHVaUN

dx
F2=—ad—:,onouaE]R§,a>O.

2

H oAu ovvaun F = F; + F, mpocdidet emtdyvvon y = GTO GOUA Kol 0 vOLog Tov Nevtova

dt?
F =m -y, mov oydetl kdBe ypovikn otyun t, divel v e&icmon

N omoia ypdpetal

d
mﬁ+az+ﬁx— . (2)

And v e&icoon (2) , omv omoia epgavitoviot n dyvootn cuvdptmon x = x(t) Kot ot Tapdywyoi
2

™mg 22 ot elpaote voype®UEVOL va BpodiLe T cuvapTnon X .

dt dt?2’

1.1.3. Hoapaderypa. Na PBpebdel kapmdAn k tov emmédov Oxy tng omoiag 1 KAIoN TG PATTOUEVS
010 Tuyaio onueio g P(x, y) elvar ion pe 10 SMAAGI0 TOV YIVOUEVOD TMV GUVIETAYUEVAOV TOL P.

Onwg yvopilovue , pa kapmdAn k tov emmédov Oxy kabopiletan otnv Avorvtikn [N'eopetpio and
mv e&iomon g. Apa dyvwotn, 610 TpofAnud pag avtd , eivar N e&icoon F(x,y) = 0 ¢ kapmd-
g k M, 100d0vapa , 1 cuvapmnon y = y(x) mov opiletor amd v e€icwon g k. Enedon 1 kiion

™G €PATTOUEVNG TNG KAUTVANG k 610 TuYaio onueio g P(x,y) divetar amd v Topdywyo Z—z ™mg
ouvapong y = y(x) , &xovue v e&icwon

d
ﬁ = 2xy . (€))

Ao v e€lowon (3) , otnv omoia epeaviCeton n aveEapTnTn HETAPANT X, N AyveOGTN GLVAPTNON Y
Kol 1 Topayyog g Z—z , €lpaote voypemuévol va fpovue tn cuvdptmon y = y(x) .
1.1.4. Opropds. Mia e€iowon oty omoia dyveootn eivar pia cuvdptnon y = y(x) Kot otnv onoio

epneavifovtat Kamoteg mopdywyotl TG dyvootng cvuvdptnong ( onA. pio 1 Kot TEPIOCOTEPES OO TIG
cwvapticelc y ',y ", -,y ) Aéyetan ( suviiOng) drapopuc egicmon .



1.1.5. Hoepatipnon. H yevikn popen pog dtapopikng e&icmong ivor n

Foo,y,y',y",«,y®)=0, (4)

6mov v € N* kat 6mov F dnhdvet pia oxéon petald tov petopintdv x,y,y ',y ", -, y™ .  1.1.6.
HMapatipnon. Ze (o S1apopikn eEIcmON EKTOC A0 TIC TOPAYDYOVS TNG AYVOGTNG GLUVAPTNONG Y =
y(x) , oromoieg eivan BEPara og memepacuévo mAnBog , eivar duvatd va eppavi-Cetor Ko n ave&aptnm
HETOPANT] X M KOl M AYyvOOTN GLVAPTNON Y M Kot ot dv0 , aAAd avtd dev eivar avaykaio. To
avaykaio givor va ep@avileTal KAmown Tapaymyos TG yveoeTg cuvapTn-ong .

1.1.7. Hapotipnon. Asv Bewpovvial S1opopikéc eE1I6MOELS Ol 160TNTEG Ol 0Toieg eivarl TaVTOHTNTEG
®G TTPOG TNV AYVOGCTN GLVAPTNON , OTWG T.Y. M

xy)=y+xy'

1.1.8. Hapoamipnon. Eniong dev Bewpovvtal dapopikég eE1I0MGELG Ol 160TNTEG EKEIVEG OTIC OTOTES
EUGAVION TOV TAPAYDYOV EIVOL EIKOVIKT , OTOG T.Y. M

yi+y'=2y+y’.
1.1.9. Hapatipnon . Ze 61t akorovbel , avti “covnOng dwpopikn e&icwon” Ba ypdoovue , yuo

cuvropia , “A.E”.

1.1.10. Hapaderypo. . Ot e€lowoeig (1), (2) , (3) tov [Hapaderypdtov 1.1.1, 1.1.2 kou 1.1.3 , émwg
Kot 01 E£I6MGELG

3
EY_4, x3LXyox?

dx3

y'+2y’'=2e7¥,

d®y dy —
S t4x—+7y=0,
vy —ay=x, yO-y®=nmux, Zt+y?=ow(2x)

etvar Odeg A.E ( dropopikés eE160DGELS ).

1.1.11. Opropds. Mia cuvaptnon y = f(x) , n onoia givarl optopuévn Kot 1 omoia Topaywyiletor v
TOVAGYIOTOV POPEG GE €val OIAGTN TPAYLOTIK®OV aplfudv [ , Aéyetor Adon 1| 0AOKApONe NG
A.E.

Floy,y',y", = ,y®)=0, )
av HeTd TV avikotdotaon tov Y,y y ", -, y™ ue 1o
fOO, £, f"(x), fM(x)
oV (4) avt yiveton TOLTOTNTA O TPOG X , ONA. AV
Flx, f), f '), f" (), =, fP(x)]=0,vxel.

1.1.12. Mapaderypa. Na eEetootel av 11 cuvdptnon

f(x)=x+3e™* x€ER,



etvar Aon ¢ A.E.
Z—z+y=x+1. (5)
‘Exovpe %= (x+3e™)'=1-3e*xm
%+f(x)=1—3e‘x+ x+3e*=x+1,VvxeR.
Enopévog n ovvaptmon y = f(x) eivar Moon g A.E. (5) .
1.1.13. Mopdadsrypa. No e&etaotel ov ) GuvapTNnoN
f(x)=e*+2x*+6x+8 x€ER,
elval Aon g A.E.
y" =3y '+2y=4x% (6)
‘Eyovpe f'(x)=(e*+2x2+6x+8)=e*+4x+6,f"(x)=e*+4 xm
fr)=3f'()+2f(x) =
=e*+4-3(e*+4x+6)+2(e¥*+2x*+6x+8)=
=e*+4—-3e*—12x—18+2e*+4x>+12x+16 =4x>+ 2.

Enetdn vrépyst tun tov x € R, wy. 1 x = 0, tétoto. dote vo stvon 4 x2 + 2 # 4 x2, n suvdptmon
y = f(x) dgv givan Mon g A.E. (6).

1.1.14. Opwopds. H Aon og A.E. eivon 6e moAAEC meputtdoelc mheypévn cuvaptnon . H mheypévn
ouvaptnon y = y(x) mov opileton amd v 16dTNTOL

F(x,y) =0 (7)

Aéyetan Avon 1 ohokApopa g A.E. (4) , av mopaywyiletor v TOUAGYIGTOV QOPES Kot LETE TNV
éxppaon tov ¥,y -+, y™ He ta x KAty Kou TV OVTIKATAGTOO TMV EKPPAGEDY OVTAOV GTNY
(4) , ovtn emaAnBedeTon omd OAa T x KoL Y To omoia tkavoroovv v (7) .

1.1.15. Hapaderypa. No eéetootel av 1 mAeypévn covaptnon y = y(x) mov opileton omd v
6ot

x+e*—2y=2+¢” (8)
elvar Aom ¢ A.E.
(x+ex—2y)3—z=1+ex. 9)

Mo va Bpodpe v mapdywyo g TAeyuévng cuvdptnong y = y(x) mov opileton amd v todétnta (8)
, Tapayyiovpe ta péEAN e (8) wg mpog x ki Bewpovpe 10 y cuvaptnon tov X . 'Etot, £govpe



x_ody_ ydy o dy _1+e”
1t+e de_e ax N dx 2+eY’
Enopévag
dy 1+ex(8) 1+e*
~
(x+e*=2y)—=(x+e"=2y) ——=102+e¥) ——=1+e",

v OAa Ta X, Y ov emoindgvovy v (8) kat dpa 1 TAeyUéEVN cuvaptnon ¥y = y(x) mov opiletat amd
mv womta (8) givar Aven g A.E. (9) .

1.1.16. Hapaderypo. Na eietaotel av n mieypévn cvvdptmon y = y(x) mov opiletor and v
60Tt

5x%y?2—2x3y?2=1, 0<x<§ (10)
etvar Aoon g A.E.
xy'+y=x’y (11)
[MapaywyiCovpe Ta péAN ™G (10) g mpog x Ko Bewpovpe 10 y cuvdptnon tov x . Etot éxovpe
10xy? —10x%yy —6x%y2 —4x3yy' =0 A

, _10xy?-6x2y?  5xy?-3x%y?

4x3y-10x2y  2x3y—5x2y
Enopévaog
, x(5x y%—3x2y? 5x%y%2-3x3y? + 2 x3y%2-5x2y? —x3y2
Xy +y= Gxy Y Ly =53XY y y y°_ v
2x3y—5x2y 2x3y-5x2y 2x3y—-5x2y
3,3 3.,3 10 5 ;
(2 x3y-5x2y)y  5x2y2-2x3y2 1 !

v 6o To x , ¥y wov emaAnBevovv T (10) kot dpa n TAeypévn cvvaptnon y = y(x) mov opiletan
amo v wootra (1) givar Aon g AE. (11).

1.1.17. Opwopéc. Mia A.E. Aéyeton dwagopikn e€icoon v Taéng (v € N* ), av n ueyorldtepn taén
TOV TOPAYOY®OV oL eupaviletor o’ autiv givar v, dNA. av ¢’ avtiv eueoviletor 1 v-00TN
TOPAYWOYOG TNG AYVOGTNG CLVAPTNOTG Kot OeV REAvIleETOL TAPAY®YOG LEYOADTEPNG TAENG .

1.1.18. MMapaderypa. Ot A.E.

2 3
(@ Z-2y=x ® =+ (32) =0

@) yO +2y® —y® +y® -2y —y =nu2x) + 3 ovv(2x)

6))
1 = Ioovton e€artiog g (8) .



elval, avtioTouya, TPMOTNG , OEVTEPNG KOl TEUTTNG TAENC.
1.1.19. Iapatipnon . Mo A.E. tpdtng tdENng
Fix,y,y ) =0 (12)

EMOEYETAL YEMUETPIKT] EpuNveia avdroyn pe exkeivny tov [opadeiyparog 1.1.3. Mo cvykekpipéva
, 0t A.E. (12) xotaAryovpe 6tav {ntovpe v KOUmdAn k tov emmédov Oxy mov £xel TNV 1010TNTA
. “ O ovviekeotig dievbuvonc A =y ' | g epamtopévng e KoumdAng k oto tuyaio onueio g
P(x,y) , ovvdéetal e TIg LVTETAYUEVEG TOL P e ) cvykekpiuévn oyéon F .

O1 Avoerg g A.E. (12) divouv OAEG TIG KOUTOAEG TOV ETTESOV TOV EYOVV TV TAPATAV® 1510TNTA.

1.1.20. Hapatipnon. To kvpro TpoéPinua g Ocwpiag Tov A.E. gival n ebpeon 6wV tov AVcemv
uag doopévng A.E. To mpofAnua avtd dev AvOnke péypt GiEPO GTN YEVIKT TOL LOPON , QAAGL LOVO
0€ OPICUEVEG OTAEC TEPUTTAGELS LE PEPIKES ol TIS omoieg Ba aocyoAnBodpue Kt gueig ot ETOUEVOL.

1.2. Avpéveg Aoknoeig

Aoknon 1 . Na e&etaotel av kdbe pio and 11 mapakdto cvvaptioels ivar Avon mg A.E. mov
YPOAPETOL OTEVOVTL

(i) fx)=cie3*+cyxe3* y"—6y ' +9y =0

iy gx)=aovw@x)+Bnu2x) :y"+4y=0

(i)  hkx) =e*(aovvx+ Bnux) y"+2y"+2y=0.

Avon .

[ x)=c3e’*+c,(1-e’*+x-3e’*)=3¢e’*+c,e3*+3 ¢, xe3*
() ]c'() 13 3x 2(1 3x 3 3x) 3 1 3x ) 3x 3 ) 3x

f'"(x)=3ce3* 3+ c,e3*-3+3c,(1-e3*+x-3e3%) =
=9c,e3*+6c,e3*+9c, xe3”
Ko
) —6f'(x)+9f(x) =

=9c,e3%¥+6c,e3*+9c, xe3¥ —6(3 el ¥ +ce3¥+3 cxe3)+9 (¢ e3* + oy xel¥) =

=(9c;+6¢c, —18¢; — 6, +9¢;)e3*+ (9¢c, —18 ¢, +9¢y) x 3% =

=0-e3*4+0-xe3*=0,Vx€ER.
Enouévog n ovvaptmon f(x) eivar oon mgAE. y"—6y'+9y =0.

(i)  g'x)=a[-2nu@2x)]+p[2ovv(2x)] =-2anu(2x)+2L ovv(2x),

g'x)=—4aocvw@x)—4Bnu2x)=—4y



Ko g'(x)+4g(x) =—-4y+4y=0,VxER.
Enopévag n cvuvaptnon g(x) eivar Won mgAE. y" +4y =0.
(iii) h(x) =e ™ (@aovwx+ B nux) = h'(x) = e*h(x) =aovvx+Bnux (1) =
= [e*h(x)]' = (aovvx+ Bnux) = e*h(x) + e*h'(x) =—anux + B ovvx (2)
Ao Vv 10010 (2) Toipvoupe, d1odoyIKdL,
[e*h(x) + e*h'(x)] = (—anux + B ovvx),
[e*h(x) + 2e*h'(x) + e*h""(x)] = —aovvx — B nux,
e*[h"(x) + 2h'(x) + h(x)] = —(a ovv x + B nu x) 1, e€artiag g (1),
e*[h"(x) +2h'(x) + h(x)] = — e*h(x),
e*[A"® +2 '™ + 2h(x)]=0,Vx €R
kot eEattiag Tov OtL elvat e* # 0, yia ke x, Egoupe
h"(x)+2h'(x) +2h(x) =0,Vx ER.
Enopévag n ovvaptnon h(x) sivan Mo g AE. y"+2y'+2y=0.
Aoknon 2.

Noa e&etaotel av ke pio omd Tig mopakdTom cuvaptioelg eival Avon g A.E. mov ypdoetar anévavtt

i — 3x _ 5x . d’y  dy _
(i) f(x)=2e S5e Coaz T 7t 12y=0.
(i) g(x) = (x3 + @)e 3% 243y =32%73%,
(i) h(x) = 2 + @ e~2%° 2 44xy=8x.
Avon.

() f'(x) =@2e3*) —(5e°¥) =6e3*—25e>*, f'(x) = 18 e3* — 125 e°* xm
f'O) =7f'(x) +12 f(x) =
=18e3* —125e°* —7[6e3%¥ —25e°¥] + 12[2e3¥ —5e%%] =
= (18 —42+24)e3* + (—125+175—-60)e*>* =0-e3* —10-e>*=—10-e>*.
Ene1on vdpyet tiun tov x € R, my. 1 x = 0, 1€10100 ©GTE VO givon

[F"® —7f(x)+12 f(x)] yoo = —10e° = =10 # 0



n ovvaptnon f(x) dev givar Mo g AE. y" =7y "+ 12y =0.
(iii) g =3+ + &P +a)(e ¥ =3x%e 3 =33+ a)e” 3* km
g (x)+3g(x) =3x%e 3* =33 +a)e 3* +3[(x® + a)e 3¥] = 3x%e 3%
Emopévamg yuo kabe @ € R 1 ovvaptnon g(x) eivor Avon g A.E.
y' ' +3y=3x%" 3%,
(iv) h(x)=2"+ (a e‘zxz)’=0+ae_2x2(—2 xz)':—4a-x-e_2x2 Ko
h(x)+4-x-h(x) =—4q-x-e 2% +4-x-(2+a-e**)=8x,VxeR.
Enopévac yuo kdbe a € R 1 cvvaptnon h(x) eitvor Aoon g A.E. Z—i +4xy =8x.
Aoknon 3.

Noa e&etaotet av Kabe pia amd Tig TAeypéves cuvaptioelg y = y(x) mov opilovtot amd TG TopaKaT®
160tNTEG glva Avom g A.E. mov ypdpeTon anévavtt :

(i) x®*+3xy*=1,0<x<1 :2xyy +x*+y*=0.
(i) vy =ax—x¥nx,x>0 :2xyy' —y? +x=0,6mova ER.
Avon

(i) MopoyoyiCovpe ta pédn g 1wémog x3 + 3 x y2 = 1 g mpog x kar Oewpodue 10 Y cuvap-tnon
tov X . 'Etot éyovpe

3x2+43y2%2  x%+4y?

2 va2 . v ') = q =
3x*+3(1-y*+x-2y-y')=0 n y 6xy 2xy

Enopévaoc

x?%+

2
—}yl)+x2+y2:—x2—y2+x2+y2=0,

2xyy'+x2+y2=2xy(— —

1o k40 x € (0,1) xon dpo n Theypévn cuvdptnon y = y(x) mov opileton and v 66Tt X3 +
3xy%2 =1 givmmMonmcAE. 2xyy’ +x2+y%2=0.

(i) HapayoyiCovpe to péhn e 1odtTac y2 = ax — x£nx og tpog X Kot OempoviE T0 Y GLVAPTNON
tov x . 'Etot éyovpe

2y'=a—{’nx—x-§ n2yy'=a—¥fnx—1n1 y'=%(a—{’nx—1)
KOl EMOUEVOS

2xyy’—y2+x=2xy-$(a—£’nx—1)'—y2+x=



=ax—xftnx—x—y*+x=vy?2—-x—-y*+x=0,

Y10, OM0L TaL X, Y IOV ETOANBgDOVY TV 166TNTAL Y2 = a x — x £n x. Emopévac, 1) theypévn cuvp-tnon
y = y(x) mov opileton and v 166t Y2 = ax — x fn x givan Mo g A.E.

2xyy'—y*4+x=0.
Aoxknon 4.

Noa g&etaotei av vrapyetl Tuf tov v € N 1é€tow dote 1 ovvaptnon f(x) = eV * va givor Aon g
A.E.

y"=3y"—-4y'+12y=0.
Avon
‘Eyxoope f'(x) =veV¥, f’(x)=v%e"*, f"(x)=v3"* xudpa
F00) =3 () —4f () +12f(x) =0,Vx ER o
o v3eV* —3vZeV* —4ve¥V¥ +12eV*=0,VxER
oWl —-3v2—4+12)e"*=0,VxXER ©v3-3v2—-4v+12=0.
ANG
V3 —3v2 —4v+12=v2(v-3) —4(v-3) = -3)(v?* —-4) =
=Ww-3)(v-2)(v+2)=0v=-21v=21v=3

Kot oo TG TYWEG AVTEG TOL V deKTEG etvan povo ot v = 2 € N* kan v, = 3 € N *. Enopévog vrép-
YOVV HVO0 TETOLEG TINEG TOV V, 0L V4 = 2 Kol V, = 3.

Aoxnon S.
No Bpebei yio moteg Tipég tov v € N nouvapmony = 2 xV,x # 0 eivon Adon g A.E.
2x%y"—-3xy'—3y=0.
AdYon. 'Eyovpe y'=2vx' 1 y"=2v({v - 1Dx""? xu
2x%y" —=3xy' —3y=2x%2v(v—-1DxV?2-3x-2vxV1-3:2x"=
=[4viv—-1Dx"—6vx"—6x"]=(AVvi—-4v—-6Vv—6)xY=

=@4vi-10v-6)x"=4(v-3)(v+ %)xv.

Enopévaog

2x*y"—-3xy' —3y=0,Vx#0&



10

= 4(v—3)(v+%)xV:0,Vx¢0<:>
1 L1
1:)4(v—3)(v+5)=0 ov=31 v=-—c.
ATO TIG TIHEG auTEG TOL V SekT) elvat pévon v, = 3 € N*, agpol v, = —% ¢ N*.
1.3. T'evikn), pepikn] kon wralovoa Aoon A.E. IIpofinpa apyik@v ko wpopfinpa
oLVOPLEK®OV TIHAV. To avricTpo@o Tov Kvpiov TpoPAnpaTog .

1.3.1. Hoepatipnon. H mo amin popen A.E. eivou n

=@, 1)

omov @ (x) eivarl yvootq cuvdptnon . Z A.E. (1) diveton n mapdymyog g dyveotng cuvaptnong
Kol Cnteiton ) cvuvaptnon.

1.3.2. Ip6éTaon. H Moon g A.E. (1) divetar and tov tHmo

y=[eMdx+c, (2
omov C givar avbaipeto otoryeio Tov R .

Am6oeln. Xoppova pe 10 Pacikd Osdpnua tov OrokAnpotikod Aoyiopo? , yio kdbe cuvdptnon
y = y(x) g onoiog n mapdymyog Z—z elval cuveyMg o€ £vo O1AoTN O TPOYLATIKOV aptBudv I Egovpe

(o10 ot aVTd)

y0) = J (%) dx+ec, ®)

omov C givan  avBaipetn otabepr) g orokAnpwong . O {ntovpevog TOmog (2) TpoKHTTEL OO TOV

(3) av Bécovue 6” avtdV 6OV Z—i ™mv ion pe ovtv cvvaptnon @(x) .

1.3.3. Hapatipnon. H A.E. (1) dev €xet o pdévo AHon aAdd ATEPES , TOV AVTIGTOLYOVV GTIG O1d-
Qopeg TIéG ™S owbaipetng otabepng C .

1.3.4. Mapatipnon. To cvvoro TV Acewv g A.E. (1) givon éva “povomapapeTptkd cbvoro
CLUVOPTNCEDV” APOV TO OAPOPO GTOLYEIR TOV AVTIGTOLYYOVV GTIC TYEG TOV TOIPVEL Lo TOPAUETPOG
(m ce R).

1.3.5. Mapatipnon. Oswpovpe po e&icmon g LopPNg

f&xy,a) =0, (4)

omov a € R etvon petafAnm mopduetpog . [a po opiopévn Ty tov a 1 e€icwon (4) opiletl o
KapmOAn oto eninedo Oxy . To chvoro OAMV TV KAUTOA®V TOL EMTESOL , TOL opilovtol amd TV
(4) v Tig O1Gpopeg TWES TG TTOPAPETPOL @ , AéyeTor otV Avodvtikn [ewpetpio povomapa-
RETPIKT OIKOYEVELN KAPUTOL®V ko1 1 e€icwon (4) Aéyetan e€iomon TG 01KoYEVELHG.
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1.3.6. Iapatipnon. Me v évvown ¢ [Hapatmpnong 1.3.5 , ot Aoeig e A.E. (1) armotedodv
[LOVOTTOPUUETPIKT OLKOYEVELD 2 KOPTOA®V TOV emmédov Oxy pe e&icwon v (4) .

1.3.7. Hapatipnon. Zopepova ue v I[potaon 1.3.2. “n Avon g A.E. (1) Bpioketar pe pia odo-
KMpwon Tov HeEA®V g Kot eEaptdton amd pia avbaipetn otabepn .

1.3.8. Ilopaocrypa. H A.E.

EetMony = [4xdx+c=2x%+c.

H e&lowon

y=2x*+c

etvar n e&€lomon g oKoyEVELNG TMV Tapal-

Boiav Tov Zy. 2 . Ot S1dpopes KOUTOAES TNG

OIKOYEVELNG VTG &ivan ot dtpopec BEaelg mov maipvet pio omd T TapaPoréc 6TV KIveiTOL Gov
otePED GLOTNUA TaPAAANAa Tpog Tov GEova y Oy .

1.3.9. Ip6Taon. H Mon g A.E. v té&ng

dvVy
dxV

=px),vEN" ,v>1 (5)

dtveton amd ToV TOTTO

V—0AOKANPOTELS

y= [l [le@)dx]--dx]dx]dx+cx’ P+ cx’ %+ +c,1x+¢y

oOmov ¢4, €y, '+, ¢, elvar avbaipeta otoryeio Tov R .

dV—l

Am6o€1ln. Av otov tomo (3) BEécovpe dmov y ™ cuvaptnon 1OTE TOIPVOLLLE TNV 1GOTNTA

dxv-1'

(5)
)dx+c{9 [o@)dx+c .

dV—Iy . dvy
dxv-1 f dxV
Me véa gpappoyn tov tomov (3) maipvoope

dV—Zy
d xV—Z

= [[f eC)dx +cildx +cj.

Metd and v tétown Prjpata eBdvove otov THIo

2 OrAééeig “okoyéveln” kot “ouvolo” givol cuvavopeg ota Madnupatucd.
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V—0A0KANPpHOELS

X

y= [l [le@)dx]--dx]dx]dx+c T +c —sy + 4 x+c. (7)

Té\og, av otov TOmo (7) Bécovpue

- <

w-1! 17 w-2)

— ' _ 1
= Cy vty Gy = Cyq, Gy =6y,

101€ maipvovue tov tomo (6) .

1.3.10. Haepatipnon. To cdvoro twv Aoewv ™ A.E. (5) eivan éva v —mapoapeTpikd cvvoro
OLUVOPTNCEWV N , e AAL AOY1a , o1 AVoelg TG A.E. (5) amoteAodv o v —TopoUETPIKT OIKOYEVELL
KOUTOA®V TOV ETTESOV .

1.3.11. Hepatipnon. Zopewva pe v lpodtaon 1.2.9 , “n Mon g A.E. (5) Bpicketor pe v owa-
00YIKES OLOKANPAOGELS TOV PHEAMV TG Kl eEapTdTon 00 v akpipdg avbaipetes oTa0epéc”.

1.3.12. MMopotipnon. Av to ¢ givor avbaipeto otoyeio tov R kat to a # 0 elvat éva ocuyke-
KpLEvo otolyelo tou R, TOTE KoL Tl

a
C1:C+a, C2:C_a, C3=aC, C4,:z
elvar avbaipeta otoryeio tov R.

1.3.13. Hapdderypo. No Avbein A.E.

Avon

Avm givon e ALE. g popong (5) . Emeon v = 2 n Abon ¢ Ppioketor pe dvo dadoyikés oro-
KAMNPAOGELS TOV HEADV TNG . ME TNV TP®OTI OAOKANPMOT] TOV HEADV TNG £XOVLE

ay

ey —2x __l -2x
dx—fe dx+c = —ze + ¢

Kol [e T 0e0TEPT OAOKAN PO Ppickovpie

1 —2x 1 —2x
y=|l-3¢ + ¢ dx+cz=—§ e “*dx+cx+c,
_1 _ -2x
y_4e c1x+cy.

1.3.14. Opropdc. Kabe Aoon pog AE. v —ootg tééng

F(x,y,y,y",,y") =0 (8)

N omoia e&aptdrar and v akpPag awbaipeteg otabepés Kot 1 onoia divetal og (Avpé-vn) popoen
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y=f(xccz,0,0) 9)
N o€ TAeyUEVT LOPOT|
g(x,y,¢1,¢5,,6,) =0 (10)
Aéyetar yeviki Aon 1 YeVIKO oAokApopa e A.E. (8).

1.3.15. MMopatipnon. And yeoueTpiKn Amoym, pia yevikn Avon g A.E. (8) eivan 1 e&icwon pog
V—TOPUUETPIKNG OIKOYEVELOG KAUTOA®Y TOV eMmédOV OxYy . Ot S1490opeg KAUTOAEG TNG OIKOYEVELOG
OVTIOTOYOVV OTIG d1APOoPES TILES TV owBopéTmV oTtadepdV €1,C5, ", Cy .

1.3.16. Opropds. Kabe Avon g A.E. (8) mov mpokbdmtel amd po yevikny tng Avon, av dofodv
OLYKEKPIUEVESG TIHES 6€ OAeS TIC avOaipeTes o6TaOegpéc, Aéyetan pePIKN AOGN 1] OAOKANPOTIKNY
kapmoin g AE. (8) .

1.3.17. Opropds. Mo Aoon g AE. (8) , n omola dev e€aptdror and avBaipeteg otabepés Kot M
omoia gV TPOKVTTEL A Koo YeEViKN NG Avomn (epocov BEPara vdpyet) Afyetor 1W61aovea Avon
™me.

1.3.18. Opwopoc. ['a va exiéEovpe pa pepikn Adon g A.E. (8) , onA. yio va vTohoyicGovLE TG TIHES
TV vV ovBapétov oTtafepmV OV OVTIGTOLOVV G’ aVTHV , TPEMEL Vo, pog 6000vv v ave&apTnTeg
HeTOEL TOLG GLVOT|KEG TOV 1Kavomotel 1) {ntovpevn pepikn Avor . O cuvOnkeg avtég Exovv cuvnbmg
™ Hopen

y(a) = :BO Y ,(CZ) = ﬁl! y”(a) = BZ T y(v—l)(a) = ﬁv—l ’ (9)

S voypedvovy Tig suvaptices y,y Ly ", -, y ¥ va mapovv kebopiopéves Tipés Bo, B, B
o, By—1 Yo KaBopiopévn TN X = a ¢ aveEApTNTNG LETAPANTNG Kot AEyovTol apykES 6VVOTKES
™¢ A.E. To mpdfAnpa g edpeong piag peptkng Avong mov tkovomotel apykég cuvOnkeg Adyeton
TPOPAN R APYIKAV TIROV .

1.3.19. Opwopds. YroBétovpe 6Tt {nrovpe o pepkn Aon y = y(x) mg A.E. (8) opiopévn oto
KAewoto ddotnua I = [a, B] . Av o1 cuvOikeg Tov kavomotel  {nToduevn uepikn Ao VIOYPED-
VoLV KATOteS omtd TS svvopticels y,y L,y ", -,y D, dmov v > 1, va mépovy kabopiopéve Tinég
070 €va AKpo X = a Tov I KOl TIG VITOLOITES VAL TAPOLY KOOOPIGUEVES TIUEG GTO GAAO Gkpo x = fB
tov I, 16te 01 cLVONKeEG aVTEG Ayovtol ovvoplokés cuvOnkes. To mpoPAnua ¢ gvpeong og
LEPIKNG ADONG OV 1KOVOTOLEL GUVOPLAKES GLVONKES AEYETOL TPOPANLA GUVOPLAKDV TIHAV.

1.3.20. Hapaderypo. ( [IpoPANUa opyIkdV TGOV )
Noa Bpebet n pepukn Avon g A.E.
y'=x?—x+2, (10)

1N omoia emaindedel ™ cvvOnkn y(1) = 2.
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(Ie0dOvaun drotdmmen . No Bpebdei n oAokAnpwtiky koumvAin g A.E. (10) n onoia nepvd amd 1o
onueio P(1,2) tov emmédov Oxy.)

Avon
Mua yevikn) Avon g A.E. (10) eivoun

y=f(x2—x+2)dx=§x3—%x2+2x+c,

omA, m

y=§x3—%x2+2x+c. (11)

Ynoioyilovpe tdpa v Ty ¢ avbaipetng otabepng ¢ €161 ®OTE va kavomoteitot 1 GuvOnKn
y(1) = 2 . T to okond avtod , Bétovpe x = 1,y = 2 otnv (11) ko £yovpe

2=21-2.142-14+c | c==.
3 2 6

Apa n {ntovuevn pepikn Avon ivon 1 cuvdptnon

O R PP
y—3x Zx x G-

1.3.21. Hapaderypa. (IIpdPAnpa GuVOPLOK®V TILGV)

No Bpebei n pepikn Aon g A.E.

=(r220) =0, (12)

1 omoia wkavomotei Tig cvvOnkeg V(a) = V; xor V(B) = 0.

(V =V(r) eivar 70 duvapkod oe andotacn 7, o<1 < f , 0nd T0 KOWO KEVIPO dVO GOULPIKAOV
ayOyodv pe oktiveg o kot B kot duvapukd Vi kol 0, avtictorya.)

AvYen. Bpiokovue mpdtao pia yevikn Avon g A.E. (12). Me pia ohokAfpwon (oG Tpog 1) Tov pe-
AoV ™G (12) €yovpe

av , dav ,
r25=f0dr+cl 1 rzzzcl 1
av
rERE (13)
Me véa ohokApwon tov peddv g (13) éxovpue

V=fi—§dr+c2=—cr—1+cz f

V=—"4c,. (14)
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H ovvaptmon V = V(r) mov opileton amd ) (14) eivon yevikr Adon g A.E.(12). Yroloyilovpe
TOpa TIC avbaipeteg otabepés ¢; Kol €, £T61 MGTE VO IKOVOTOLOVVTOL Ol GLVONKEG TOV divovTat .
I'o 10 6komd avtod , Bétovpe r = a, V =V, ot (14) ko xovpe

V=-24c,. (15)

0:__+C2. (16)

AVVOVTAG TO OC TPOG €1 Kot €5 ovotnua Tov (15) kot (16) Bpickovpe

_ Vlaﬁ Via

Cq a—p s Cz—m.

TéNoG , avTIKaB1GTOOUE TIG TIHEG AVTEG TV €1 KO €, 01N (14) ko Exovpe T {nTov ey pepkn AVo

Vlaﬁ 1 Via

a-pB .;+a—ﬁ'

V(r)=
1.3.22. Opropdc. Mo cuvaptnon v + 1 petafintov

zZ = f(X,ypyZ:"'ryv)’

opiopévn oe pio meployfy D tov yopov RV Aéue 611 kavomotel (g mpog X) T GuvOKn TOL
Lipschitz otnv meproyn D av

IM>0: |f(y,y2 - 0) = FOy0,ys, - W <
SM(ly, = yPl + lyz =21 + =+ m = w1),
y1o: Ok Ta onueiar (X, Y1, Y2, 0, W) Kou (X, ¥7,¥3, -+, )) g meproyng D .
1.3.23. Ozopnpa (YrapEng Avong )

Ocwpodpue o AE. v tdEng g popeng

dv ! r —_
= flyy Ly, y¥™), (17)

omov f etvon o cuvdptnon v + 1 petaPAntdv opiopévn oe pio meployn D tov ydpov RVTL Avn
f giva cuveync ko tkavomotel T ovvOnkn tov Lipschitz oty meproyn D kawov (@, By, B1, = » By—-1)
etvar éva ecmtepkd onpeio g D, toOte vVIapyEL pia, kot povo pia, Avon y = o(x) g A.E. (17),
optopévn o€ pa mepoyn (@ — 6, a + &) Tov onueiov a, TOL KAVOTOLEL TIC apPYKEG CLV-O1Keg

a(@) =po,0'(@=p,0"(@=p, 0¥ D(@)=p,.

1.3.24. Iapatypnon. Onoc eirope oty (§ 1.1.20), 10 kOp10 TPOPANUA TS Oewpiag Twv A.E. eivan
N e0peon 6AwV TV Acewv pog doouévng AE.
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To mpdPAnua katd to omoio pag diverar pia cuvaptTon3

y=fxc60,0), (18)

omov v € N* ko ¢4, cy,**+, ¢, lvar avBaipetec otabepéc ko (nteitan pia AE. 1 omola va £xet yeviky
Abon 1 ovvaptnon (18) , Aéyetatl avtioTpo@o Tov Kvpiov TpofAnpnatog .

1.3.25. MMapatipnon. ['la va emAdcov e To avticTpo@o Tov Kupiov TpofAnHatog akoiovhodue TV
eEng dodkaoio:

[Moapaywyilovpe v @opéc ta péEAN ¢ (18) og mpog X, Bewpivtag ta ¢4, Ca, ***, ¢, otabepd. Etol
Bpiokovpe T1¢ v og mA0og e€lomaelg

y, =f’(x'C1'C2""er)
y =f (xlzcl'CZI""Cv . (19)

y(V) = f(")(x, C1)Car ) Cy)

Kotomy anoieipovpe ta cq, €z, +++, ¢, and 116 v +1 e€iowoeig (18) ko (19), onA. Ppiokovpe o
e&lomon mov mpoxvmtel omd TG (18) ko (19) kon oty omoia dev eppavifovral to ¢4, Cy, -, ¢, . H
e&lomon

F(x,y,y,y",,y¥) =0, (20)
Vv omoia BpioKovpe pe TNV amoAopr] avty, eivarl n {ntovuevn.

1.3.26. Oprwopdc. H A.E. (20) Aéyeton A.E. TG V TOPOUETPIKIG OLKOYEVELOS KOUTUAWMY TOV ETL-
nEdov Oxy mov opileton amd v (18).

1.3.27. Hapoatypnon. Ano tig (§ 1.2.25) xou (§ 1.2.26) mpokdmtet Ot

“Avn AE. (20) eivau  A.E. ™G vV TOPOUETPIKNG OIKOYEVELNG KOUTUA®Y TOV emmédov (18), tote 1
ocvvéptnon (18) eivar yevikn Avon g A.E. (20)”.

1.3.28. Hapaderypa. Na Bpedei n A.E. g dumapapetpikng okoyEvelog Tapaformy
y=2ax+ bx? (21)
10V gmmédov Oxy .

Avon. Emeidn n owoyévewn (21) givar dumapopetpikn, mapoaywyilovpe dvo gopég ta péAn g (21)
®¢ TPog X, Bewpavtog Tic Tapapétpovg a kot b otabepés. ‘Etot égovpe

y'=2a+2bx, (22)

y'"'=2b. (23)

3 Ymotifeton 611 1 cuvaptnon ot opiletan kot Tapay@yileTar v TOVAGISTOV POPEC GE £ValL O1AGTNLLA
TPOYUATIKOV aplOudv 1 .
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Amadeipovpe Topa TIC TApAUETPovs a Ko b amd Tig elomoelg (21), (22), (23) . Oétovpe v TIuN
0V 2b and v (23) oty (22) kot Exovpe v e&icmon

y'=2a+xy”" n 2a=y'—xy".

Téhog , Oétovtac b = % y' xu 2a=y" ' —xy" omv(21) noipvooue v e&icwon

y=0"—xy")x+3y"x?
n omoia ypagpeTot
x2y"—=2xy'"+2y=0
kot givar n {nrodpevn A.E. g owoyévelag (21) .
1.4, Avpéveg Aoknoerg

Aoknon 1. Na AvBovv ot A.E :

d d
(@) 5 =mmx ® -7 +2=0.

Avon. (@) ZOpewva pe tov Tomo (2) povpe , y = [nux d x + ¢ = — ovv x + ¢, M.
y=-—0uvvx+c.

H cuvapon avt ivan yevikn Aon g A.E. mov 060nke.

(B) Ayvowot cvvaptnon sivarn x = x(t) . H A.E. (B) ypdopetar

dx
—=t?-2
dt
Ko GOPEOVA e Tov Tomo (2) éxovpe x = [(t2 — 2)d t + ¢, dnA.
t3
x==——2t+c.
3

H tehevtaia cuvapnon givon yevikn Abon g AE. (B) .

Aoknon 2.
Noa Avbovv ot A.E :
a?y _ a’y _ x
(@) 5 5=5 B T =e*.

Avon.(a) Ayvootn cuvaptnon sivann y = y(t) . Zopeova pe v Ipotaocn 1.2.9 , wa yevikny Ao-

on mg A.E. (o) Bpioketar pe dvo 0AOKANPAOGELS TOV HEADV TG Me TV TpdOTN 0AOKANP®OOT TWV
HEADV TNG £XOVLLE
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_ Ay _
= [5dt+c¢ 0 — =5t+0
Ko pe ) devtepn ohokApwon naipvoope y = [(5t+ ¢)d t + ¢, 1
)
y-;t + ¢t + ¢y

(B) Ayvootm cvvaptmon eivorn y = y(x). OhokAnpdvoovpe Tpelg popéc to. péAN g (B) kat éxovue

d?y x
2 =e +C1.

=fe

1" oAokAMpwon :

2" odokApwon : Z—zzf(ex+c1)dx+c2 1 %ze"+clx+cz.

3" odokAnpwon: y=[(e*+cix+c)dx+cs N
x2
y=ex+c17+c2x+c3.

. . . , . ;1 . , ,
Téhog, emedn 0tav N ¢4 ivon awBaipetn otabepn|, TOTE KON €1 = 5 C1 etvon avBaipetn otabepn, N
TOPOATAVE® YEVIKT AVOT YPAPETOL

y =e* +c;x% + cyx + 3.
Aoknon 3.

Na AvBovv ot A.E :

(o) ;Zzavv(g). (B) LE_ ot 4ot

ats
Avon. (0) OAoKANPOVOVE TEGGEPELS POPES T LEAN TNG (OL).

3

;x favv()dx+c1—2n,u<)+c{.

d2

1" oAokANpwon :

2" odoxcdfipwon 1 %= [|2nu (%) + cf| dx + ¢ = —2200v (5) + cjx + 5.
3" odoxdfipwon : 2= [|-2%0wv (3) + cf x + cj| dx + ¢} =

~2 (e S+ cpx o
4" oordiipwon .y = [ |-2% (5 )+c1—+c2x+c3]dx+c4 =

! 4
X c C ,
=2%w (=) + 23+ 2x2+cix+cy 1
2) " 23 2 3 4

y = 2%owv (32—6) + 123 4 cx% + c3x + ¢y
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(B) Metd and mévie Sradoyikéc olokANp®GeLS N cuvaptnon el + e~ b yivetan

Ko Gpo
x =et —e 4+ ott + cypt3 +e3t? + cut + cs.
Aoxknon 4.
Noa AvBel To TpdPANU apYIKOV TIULOV

dzy
dx?

3 y(0)=11y,(0)=4-
(1-x2)3

Avon. Bpiokovpe mpota pia yevikny Avon g A.E. mov 660nke . 'Eyovpe

s dx = [(1—x%)" 2xdx+c1———f(1—x2) 2d(1—x2)+cl—

(1-x 2)2

1 (1— x2)"2%1? 1
-1 2 to=—=+0

2 —%+1 V1-—x?

Kot

y=f(ﬁ+cl>dx+c2 =I%+clx+cz 1
y=toénux+cix+cy.
Aoknon 5.
Noa ABel o TpOPAN LA TOV GUVOPLIKDV TIUDV

d%y 2x T ’ _
R S ORE Lo

Avon. Bpiokovpe mpdta pua yevikn Avomn e A.E. mov d60nke . 'Eyovpue

a
—y=f[ Trx 2)2]dx+cl——f(1+x2) 2d1+x) + ¢ =

dx
(1+x2)—2+1+ 1 N
T T 21 T 42T
Ko y=f(1+ +c1)dx+c2—f ~+cx+c; 1

y=t0écpx+cix+c,.

(1)
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Ymoloyilovpe Tdpa Tic avbaipeteg oTabepéc €1, €, £T01 MOTE VO, IKAVOTOL0VVTAL 01 GLVONKES TOV

dtvovtar . ®étovpe oy (1) x =0,y = —% KoL EYOVUE

—%=TOE€§00+61'0+C2 Ll c2=—%.

. n . . 1 . 1
®fétovpue x=1,y'=—z omv womrta y' = + ¢q ko €yovpe 1=E+C1T'| 1=

1+x2
Emopévag n (ntovpevn pepikn Adomn gival n cuvaptnon

y=rofe<px+%x—%.
Aocknon 6.
Na Bpebein A.E. g okoyévelog KapmvAmy Tov emmédov Oxy
y=e " +pex, ®
omov S € R &ivor avBaipetn otobepn.

Avon. H owoyévelo kopmdiwv mov 800nke givar povorapapetpikn . [Hopaywyilovpe pa popd to
péAN g wodmrog (1) g mpog x Ko Exovpe

y =—e *+2pe%*. (2)

[No va amaietyoope 10 f and 1 (1) ko (2) , modhoamracialoope ta péAn me (1) ent —2 won
npocOétovpe Katd pEAN v e&icmon mov wpokvmtet pe ) (2) . 'Etot €govpe

y'—2y=—e *2Be?*—2(e"*+Be?*) q
y'—2y= —3e” %, (3)
H e&iowon (3) etvor ) {ntodpevn A.E.
Aoxnon 7.
Na Bpebei n A.E. g owoyévelag KapumdAmy Tov emmédov Oxy
y=ce *+c,e". 1)

Avon. H owoyéveln kaumdiwv (1) eivon doumapaperpikn| . [Hapoaywyilovpe dvo @opég Ta HEAN TNG
wwotnrog (1) og mpog x ko Exovpe

y'=—ce *+ce* xm y'=ce F+cyer. 2)
Amnadeipovpe todpa Tig awbaipeteg otabepés ¢ Ko ¢ omd 115 (1) ko (2) . o To okomd avtd
aQopovpe Katd pEAN ™ devtepn and 116 (2) ko v (1) katd pédn kot Exovpe

y'—y=ce *+ce*—(cie”*+ce*) 7

y"—y=0.
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H tedevtaia eicoon etvarl n {ntovuevn A.E.
Aoknon 8.
Na Bpebein A.E. g owoyévelag KapmbAwy
y =ce* + ¢, xe* +nux, 1)
oMoV ¢4, €, eivan awbaipeteg oTabEPES .

Avon. H owoyévela kopmdrov (1) sivon durapapetpikn . apaywyilovpe dvo popég ta péAn g
wotnrog (1) g mpog x ko Eyovpe

y' ' =ceX+ce*+c,xe*+ovvx 2
y'=ce*+2c,e*+cxe* —nux 3)

INo va amoletyoovpe ta ¢, ¢ omo TG (1), (2) ko (3) apapovpe tig (2) ko (1) Katd péAn, KoTdOTY
116 (3) kot (2) xatd PEAN Kot EYOLLLE, avtioTolyd,

y'—y=c;e*+ovvx —nux, 4)
y"—y'= ¢, e* —nux — ovvx . (5)
Téhog , aparpovpe T1g (5) kot (4) katd péAn kot Exovpe ™ (nrovpevn A.E.
y"—y'=(y'—y)=—nux — ovvx — (ovvx —nux) 1
y"—2y'+y=-20vvx.
Aoxknon 9.
Na Bpebei n A.E. g owkoyévelag kopmOAov
y = ax? +§ : 1)
o6mov a, b eivar avBaipeteg otabepic .
Avon
[opaymyilovpe dvo Popég Ta LEAN ™G 16oTToS (1) g TPOg X Kat £xovpe
y’=2ax—x£2 2 Kot y”:2a+i—f (3)

INo va aroieiyovpe ta a kat b and g (1), (2) ot (3) , modamiacialovpe o péAn g (3) emi
x2, 1o pédn me (1) eni —2 ko tpochéTovpe Katd PEA TIC 166TNTEC TOL TPOKHITOLVY . ‘ETot éyov-
pe v e€lowon

x2y" -2y =0,

n omoia eivar n {ntovuevn A.E.
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Aoxknon 10.

Na Bpebei n A.E. g okoyévelng v maparllAoy tpog Ty evbeio y = 2 x gubeidv tov emumédon
Oxy .

AvYon. H eElowon g owkoyévelog Towv mapaAAwy Tpog v evbeio vy = 2 x gube1dv Tov emmédov
tavtileton pe v e€icmon g Tuyaiog vbeing g otkoyévelog , ONA. etvon m

y=2x+c, @

omov ¢ € R elvan petafint mopdauetpog (avbaipetn otabepny) . Enedn n owoyévela kopmdriov (1)
elval povomapapeTpikn , mopaywyilovpe o eopd o péEAN g (1) og mpoc x . ‘Etot £govpe v
6ot

y'=2. )

Zmv wootta (2) £ytve HoM 1 amoroipn g avbaipetng otabepng ¢, . avt elvan 1 e&icmon mov
TPOKLITEL e omarolpn ™S ¢ amd 11§ (1) wor (2). Me dhda Adya, 1 e€lowon (2) etvon n A.E. g
owoyévelag Kapmviwv (1).

Aoknon 11.
Na Bpebein A.E. g eninedng déoung evbeidv pe kévrpo 1o onueio A(2, —3).
Avon. H e&icmon g eninedng déounc eubeldv pe kévrpo to onueio A(2, —3) eivarn
y+3=2A2x—-2), 1)

o6mov A € R, givor petafint moapduetpog. Emedn n e&icmon (1) gival povomapopeTpikn, mopo-
yoyilovpe o eopd ta péAn g (1) g mpog x Ko Exovpue

y'=2. )

H omaroipf g mapoapétpov A armd 1ig (1) kar (2) divertny e&icwon y + 3 = y '(x — 2), n omoia
elvar n {ntovpevn A.E.

Aoknon 12.

Noa Bpebei n A.E. g otkoyévelag tov kKOKA@V tov enmédov Oxy mov epantovtal tov dEova y 0y
oto onueio tov O.

Avon. O tuyaiog KOKAOG TOL emTESOV OV £pamteTaL TOL GEova ¥ Oy 6to onueio O, ExEl KEVTPO TOL
éva onueio K (a, 0) Tov GEova x'Ox xoi axtiva r = |a| , dnA. éxel e€icmon
(x—a)?+y*=lal?.
2

H eéicoon ovt ypagstar x2 —2ax +a? +y?=a? A

x2=2ax+y*=0 Q)
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Kol etvan n e&lomon g okoyévelng TV KOKA®V ov d00nke. Emedn n owoyévela (1) eivon povo-
TOPAUETPIKT, Topoyoyilovpe o @opa ta uéAN TG (1) og mpog x Bewpodie T0 Yy GuVAPTNOTN TOV
X Kot Kpotovpe 10 @ otabepd. Etot £xovpe

2x—2a+2yy'=0 4 x—a+yy'=0.

O¢tovtog tnv T tov @ (= x +y ¥y ") and mv tekevtaio e&icmon oty (1) , £ovue v e€icwon
x2—=2(x+vyyx+y?=0,n onoia yplperon

x2—=2x*-2xyy'+y*=0 1 2xyy'+x*—-y?=0.
H tehevtaia A.E. givor n {ntoduevn.
Aoxknon 13.

Na Bpebei n A.E. g okoyévelng Tov KOKA®V ToV €mmédov Oxy Tov £X0VV TO KEVTIPO TOLS TAVM
otov G&ova x'Ox .

Avon. H g&icmon g owkoyévelag antng tov KOKA®V glvar i
(x —a)? +y? = b2, 1)

o6mov a, b € R givon petafintég mapdpetpot. Exeldn n owcoyéveta (1) ivarl Simapapetpikn, mopoym-
yiCovpe 6vo Popég Ta PEAN g (1) ®g Tpog x. Me v TpdOTN TOpAydYIoN EXOVUE

2c—a)+2yy'=0 1 x—a+yy' =0
KOl [LE T1) 0€VTEPT
1+(y" ) +yy"=0. 2

Yy wotrta (2) ol Tapduetpol a,b €xovv amoierpbel kot dpa avt eivar 1 {ntovpevn A.E. g
owoyévelng Tmv kKukAov (1).

Aoknon 14.

Noa Bpebei n A.E. g okoyéverng tov gvbeimv tov emimédov Oxy mov anéyovv 2 CM amd v apyn
0(0,0) ToV GLOTNUATOG GLVTETAYLEV®V.

Avon. H toyoia evbeio g okoyévelog eivon epamtopévn Tov kokhov k : x2 + y2 = 4 xou dpo. ov
P(a, b) givar to onueio emagnc g , tote 1 e&iowon g eivor n

ax+by=4 (1) «xawysan a?+b2=4, (2)
a@o¥ 1o P givan onpeio Tov koK ov k. [Mapaywyilovpe ta péAn g (1) og mpog x Kot £xovue
a+by' =0. (3)

Téhog, amareipovpe ta @, b and 115 elomwoelc (1), (2) ko (3). Oétovtag v T T0V @ Oomd TNV
(3) omv (1) égovue
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x(=by)+by=4 1N b= * , Gpo. éyovue kKol o = — i

AvtikaOiotdvToc Tic TIné
y—xy yoxy G TIC TINEG

.

. , , 4y \? 2 , ,
avtéc tov @, b ot (2) maipvovpe v e&icwon (— ) + ( ) =4, n omola ypapetot

y=xy' y=xy’
—xy)? =4[ +1]
Ko etvan  {nrovpevn ALE.
Aoknon 15.
Na Bpebei n A.E. g owoyévelag Tov kKOKA®V Tov enumédov OxYy .
Avon. H e&icwon g owkoyévelng Tov KOKA®V Tov emEdoL ivar m

x2+y’+Ax+By+T =0, (1)

6mov A,B,I" € R eiva petofintég mapapetpot. Mapaywyilovpe tpeig opég ta péAn mg (1) mg
mpo¢ x kol Bewpodue 10 y cvvaptnon tov x . Etotl éxovpe

2x+2yy'+A+By’'=0, 2)
2+2(yN?+2yy"+By" =0, (3)
6y,y”+2yy’”+By,”:0. (4)

n

[MoA\amhactdlovpue eni y "' ta uédn g (4), et -y """ 1o péhn g (3) kar TpocsBétovue KoTd péAn
T1G 160TNTEG TOV TTPpoKVTTTOVY . 'ETot éxovue v eicwon

6yy ' +2yy")y" —[2+20) +2yy Iy =0,
nomoia ypagstar 6y (y")* —2[1+ )*ly"" =0 1 3y ()P -[1+Q) ]y =0
Kot etvon  {nrovpevn A.E.
1.5, Aw@opikég eEloMoEIS TPOTNGS TAENS YOPopneEVOV petofintav

1.5.1.1apatipnon. Ocwpovpe po A.E. g popong

dy .

L = f(0 - hO), (1)
g omoiag 1o B'HéA0G elvar YIVOUEVO LG GLVAPTNGONG TOV X KO oG GuvApTHoNG Tov Y . Onog
yvopilovpe and to Atapopikd Aoyioud, 10 Z—z giva pev 1o cOIPOLO TNG TOPAYDYOV Yy , ONA. Eival
Z—z = vy, , 0ALG pmopel va OewpnOei ko sov Thiko (khdopa) Tmv 600 dapopikdv dy kar dX . 'Etot

n A.E. (1) ypaopetar

dy = f(x)h()-dx Wi sdy = f(0dx,

ONA. Taipvel T popen
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g)dy = f(x)dx. )

> A.E. (2) Aépue 6t on petafAntég (eSoptnuévn ko aveEaptnen) £xovv dtaymproTel , OnA. 6to £val
HEAOG ePQOVICETOL LOVO 1] Y KOl GTO GAAO HOVO M X .

1.5.2.0pwopog . Kébe A.E. mpodnc tdENGg 1 omoia £xet ) pwopet pe adyefptkone LETAGYNUATILOVS VO
nhpel T popon (2) Aéyetan ALE. yopilopevov petopfintov.

1.5.3.Ipotaon. H enidvon g A.E. (2) emrvyydvetor pe oAOKANP®OON TOV HEADV TS , ONA. L
YEVIKT TNG AVOT) diveTon omd ToV TOTO

J9dy = [ f(x)dx +c, 3)
omov ¢ € R givar 1 awbaipern otabepn ™ oAoKANp®ONG.

1.54. Iapatypnon. Ztov tomo (3) &yovue yphyetr mpokataforikd v avbaipetn otabepn g
ohokAfpoong ¢ . 'Etot katd tov vworoyiopd tov orokinpopdtov [ g(v)dy kot [ f(x)dx +c
dev Eavaypdopovpe avbaipeteg otabepéc.

1.5.5. ITapatipnon. Metd tov VTOAOYIGUO TOV TOPATAVE® OAOKANPOUATOV EILACTE LTOYPEMUEVOL
Vo AOGOVUE WG TPOG Y TNV IGOTNTO TOL TPOKVTTEL, EPOGOV BEPata avtd givor duvatd . Av 1) 6ot
OV TPOKVTTEL HEV ADVETAL WG TTPOG Y, TOTE Exovpe TN YeVIKN Avor g A.E. (2) ot popen mieypévng
GLVAPTNOTG.

1.5.6. Iapatipnon. Av Kamoio omd To OAOKAN PO UATO T OVO PEAT TOL TOHTOV (3) dev vITo-AoyileTan
LLE TIG YVOOTES GTOEIMOEIS GUVAPTNTELS , TOTE avalnToOue TpoceyyloTikég Aoelg g AE. (2) .

1.5.7. Hapatipnon. H dadikacio yopiopod tov petafAntodv cuyva nteprtloppdvet dwaipeon pe pio
napdotacn g popens F(x) - G(y). Tote , vmoBétovpe crommpd 6t etvan F(x) # 0 kou G(y) # 0
. Av dyvoot cvovapmnon eivaun y = y(x) , 10te e&outiag g vmobeong G(y) # 0 givar duvatd va
yaoope Acelc. I'io to AOyo avtd mpémet LETA TNV EVPECT TNG YEVIKNG AVOTG , voL Abcovpe TNy e&icmon
G(y) = 0 ko va Bpodue moleg amd Tig 6TabfepEc GLVOPTNOES Y = Yo , 0T0V G (V) = 0, givar Aoelg
™ opytkns A.E. mov yafnkav xatd ™ dadikacio yopiopol Tomv HeTtafAnToV .

1.5.8. Mapaderypo. Na Avbein A.E.

ax = Teae )
Avon. Avt ypagetot

dy dx

y2 14 x2’

apa etvor AE. yopilopevov petafAntov Kot pia yevikn e Abon divetot and tov tHmo

[F=[5
1+x2
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Eneon

—2+1

W _ 24, =Y _ 1 x
fyz—fy dY—_2+1— 5 kot [ . = toéeQ x,

amo v wotnra (5) £xovpe —% = toéepx+c N

y= —m : (6)
[Topotnpodpe TP TL Y10, Vo Storympicovpe Tig petaPAntéc Stonpéoape ta uédn mg A.E. (4) pe y?
kot 6Tt N e€lowon y? = 0 &yet po povo pilo y = 0. Onwg eivar gavepd , n otadepy cuvéptnon
y = 0 givan Avon ¢ A.E. (4). H Mon avtn dev meptapPavetor oty (6), OnA. dev mpokidmtel and
Tov TOTOo (6) Yo Kdmola T ¢ mapapétpov €. Emopévmg n otabepr| cuvdpmmon y = 0 eivan
walovoa Avon g A.E. (4) , | omoia xaOnKe Katd N d1001KaGio YOPIGHOD TV LETOPANTOV.

1.5.9. Mapaderypo. . No Avbein AE.

(x —3)y°dx —x*(y? —4)dy = 0. (7)
Avon. Avt yphoetot
2_ _
(r=3)ySdx=x? —Hdy i Ldy=dx

Kot dpa eivar A.E. yopilopevov HeTafANTdV Kot pa YEVIKY TG Abon divetal amd Tov TOmo

24 -3
[rdy=["Fdx+c. ®
Enedn
fy2_4d =[(y™3 —4y~5)d N P A S
y5 y=J y y_—z —4 2y2  yt4
X3 = [(x3 —3xHdx="__3* > _ 1 41
JQ7dx = [(x Bx Ndx == -375=—-5+3,
amd ™ wotnra (8) &xovue
1 1 1 1
_2y2+F:_2x2+x_3+C' (9)

H mheypévn cvvapmmon y = y(x) mov opiletar amd v (9) eivan yevikn Aon g A.E. (7). T va
Srayopicovpe t1¢ petafintéc Stupéoope to AN g AE. (7) pe y°. H sélomon y°= 0 &yst ma
uévo piCa y; = 0. Evkora todpa dtomctdvouvpe 0TL 1 otabepr| cuvaptnon y = 0 eivar Abon g A.E.
(7) xon 611 dev meprrapPdveror oty (9). Apa 1 otabepn cvvapmon ¥y = 0 eivor w61dlovoa Adon
¢ A.E. (7), n onoia ydOnke Kotd T SodKacio yoPIGHoD TOV HETOPANTOV.



